Abstract
Kinematic characteristics of railway tracks
In railway transportation it is a fundamental requirement to have track geometry that corresponds to the desired motion since in this track vehicle system the track defines the motion primarily. Tracks constructed with appropriate kinematic precision reduce the magnitude of internal forces. High speed railways require appropriate design of the motion geometry of the track.
For this purpose a unified motion geometry theory can be applied, which enables the determination of correct track geometry on differential geometric basis [1, [7] [8] [9] [10] .
The curvature function of the railway track plays a primary role in kinematically induced internal forces. Therefore the track is designed such that the site plan of the transition curve is determined based on the shape of the curvature function.
The exact relationship between the function on the site plan and the curvature function is given as
It is complicated to deduce the function of the track curve from this formula. The Cartesian coordinates of the setout are obtained from the integral equations of the arc length parameter below using two terms in the power series. 
This calculation of the setout coordinates are used for the physical layout of the track geometry. In practice the Cartesian coordinates are computed for points on the arc at equal 5 meter distances.
The track to be built by the setout can be modelled by a new mathematical procedure that is based on older principles.
All this can be done using the splines. Splines are a family of polynomials in which the polynomials are connected to one another in a certain order resulting in a curve that closely approximates the shape of the railway track fitted to the setout points.
Thus the entire function of the segment of track in question is obtained.
The spline approximation
Based on the setout points we intend to determine a track function where where the total change of curvature is minimal is minimal. It yields a curve that closely approximates the shape of the railway track fitted to setout points.
Using these two viewpoints of the analysis we applied the following mathematical model:
The track function to be determined is approximated by a spline to give the best approximation using the setout points.
Given are the setout points (x i , y i ), i = 0, . . . , N in a Cartesian coordinate system with its origin and point (X, Y) at the start and at the end of the transition curve, respectively. The radius R of the circular arc is known. The spline is
wherex 1 ,x 2 , . . . ,x n−1 are suitably chosen subpoints in the interval [0, X] and s 1 (x), s 2 (x), . . . , s n (x) are the individual polynomials in the spline.
The solution is sought by the minimization of the functional
where P i are the approximation weights and λ is the Lagrange multiplier.
The minimization of the functional (using Sard [2] ) yields that all polynomials are fifth order functions, that is for all (i = 1. . . n):
The solution is a differentiable function to the fourth order. The minimum is obtained as the solution of a conditional extremum problem of multivariable functions, where it is a functional [3] :
It leads to an iterative procedure where the weights p j are recomputed again and again until the required precision of the track curve is obtained.
Localization and determination of bearing errors
There are several kinds of bearing errors. The track may deviate from the line in a straight segment, from the perfect circle in an arc, and in a transition curve from the exact direction.
There are several reasons for errors, such as rail abrasion, deformations caused by centrifugal forces due to lateral acceleration of vehicles, faulty rail fastening, rail lifting.
Bearing errors cause changes in curvature, which in turn may lead to the increase of kinematic internal forces with respect to the design values.
Various correctional methods exist to tackle this phenomenon.
Localization of errors using the spline method
The track curve is approximated by a spline function to give the best approximation of the setout points thus the polynomials do not exactly fit the points but pass by them by a certain small distance resulting in a minimal total change of curvature.
The polynomials are fitted to the points in a way that the distance is supposed to be small and at the same time the change of curvature is minimal.
From the fact that the polynomial behaves as a bent stick, one can conclude that there may exist points outside the domain of a particular polynomial, thus they are preferably ignored.
The spline method is able to filter out such points because during the fitting of the function to the points the approximation weight of that point is set at the value of the inverse of the distance measured from the curve of the function with minimal total change of curvature.
Transition curves are segments with curvatures to have minimal total change of curvature, thus can be ideally modelled by splines. In other words, the setout points will be aligned with the shape of a bent stick.
In the case of a point lying off the spline further than the adjustable limit, the method considers it to a tiny extent (the inverse of the distance) and incorporates it in the calculation with a tiny weight as a measurement error.
Thus it is possible to localize the bearing errors and to give the value of the error in an (x, y) coordinate system.
The approximative nature of this method enables us to make a good model for the curve of the railway track in spite of the measurement and computational errors commonly present in engineering practice.
The measurement errors can be localized and corrected when known.
The practical importance of this conclusion is utilized in the filtering out of certain bearing errors on tracks.
A cosine transition curve (L = 160 m) between straight and circle (R = 1500 m) has been examined using the spline method to demonstrate its behaviour in the case of bearing errors.
First step we layed a spline on the cosine transition curve with the parameters determined above and we computed the distance between setout points and the spline and plotted it on a coordinate system. This method may constitute a significant advance in track adjusting because maintenance machine adjust tracks not only in the setout points at every 4 or 5 metres but at all ties placed at about 60 centimetres usually. The correct position of the ties is calculated by interpolation. Coordinates of the track using spline curves would give much more precise approximation avoiding unnecessary deformations in the rails.
Using the spline method during the construction likewise would be preferably by the same reasoning.
The function of the spline is a family of third order polynomials [4, 6] . The spline has been fitted to the setout points just as well the track bends to fit the setout points. The setout data are determined by approximation using the first two terms of the power series of the given curvature function.
The theoretical and the constructed curvature function coincides only at the setout points. Between the points the bent shape of the rail track determines the curvature function the same way as the spline bends to the setout points.
The theoretical curvature function and the curvature function Leaving 5-metre distances between consecutive setout points, the track or in our model the spline is enabled to accommodate elastically and find the minimal total curvature. 
Conclusions
The bearing errors can be localized with adequate precision using the spline method.
During the procedure the coordinates of the track need to be determined using the set of input survey data, then the boundary conditions are created from the design values, and the method points out the regions subjected to possible errors in a way shown above. Per. Pol. Civil Eng. 
